Example 2

Find —di in each case.
dx

a y=0Gx+1?

dy d
—= = + 1) X —(
i 4(5x + 1) dx(sx + 1)

= 4(5x + 1)* X5
= 2005x + 1)?

=V2x+3
= (2x + 3)}
dy

dx

1 v d
=—(2x+3)? X -
2(2t~r ) d){(2x+3)

= 3(2x + 3y x2
= (2x +3)}

EXERCISE 1
dy

"CE.
a y=(x+57letu=2x+5.

by=02+74letu=x*+7.

Find

Find 3—{ !

a y=0Bx-4)°
dy=032>+1)

by=
e y=

Differentiate the following.
ay=(1+3x"

— 37 —
 (4x - 1)?

by=

dy ¢ y=

b y=31+xY

ﬂ=3><7(1 t x2)6 X
dx
= 21(1 + x%)® X 2x

= 42x(1 + x2)®

1
d dy"'@xu])z
Y e _2(3x3+]) 3x—d—(’3x3 +1)
dx

= —2(3x3 + 1)73 X 9x?

d
s + 2
dx(] x°)

=33+ 1)2

X

(8x + 11)°
(1 - 3x)*

c y=0(2—-3)
f y=@0 x)10

1 1

2x + 1) €Y= Ex+2p
5

a 10
(x2+1) y 1-x)

2x

=022 — 1 at f'(x) = —p—m——,
a If f(x).= V2x? — 1, show that f'(x) = T77==7

b Find f'(2).

5 Find f'(x).

a f(x) =\V5x2+3
—

'Q f(x) = \'xz_‘,.i
e f(x)

V8x v 7

6 Find the equation of the tangent to the curve

o

b ) = Gx+ 1}

1
d fx)= 241

1
f K0 =2

y = (x* + 1)* at the point (1, 16).



LA R R RN N ENR EBENENERHNEREH-SEHNRHSE-EZJSH;NH-:RHN]

te0s0ROROeNS

e0ov o000 O0

70

7 Find the equation of the normal to the curve y = (3x + 1)? at the point where
x=5.

8 For the curve y = (2 + x?)%, find the coordinates of the point where the gradient
is zero.

9 Giveny = (3x + 1)> + (3x + 1)?, find the value of ;iy atx=1

dx
10 Find the equation of the tangent to the curve y = Vx? + 3 at the point (1, 2).

11 Differentiate the following

- [ 1 2
= for 3 = ] e ——
a y=(2Vx—3x) by \,1 = o A o
av=(l]  eymfEl fyemeevEss
Y=\1+ v VST y *
12 a Find the coordinates of the two stationary points of y = T} 2 R

b Show that one is a local maximum and the other is a local minimum.

32
13 a Find the coordinates of the stationary point of y = Gr 1) 3% —3

b Show that this is a local minimum.

4.2 Product Rule

Consider the product uv where 1 and v are functions of x.
y=uv [1]
Let x increase by a small amount &x and let the corresponding increase in u by u,
in v be 6v and in y be dy.
So y+ &y = (u+ du)v+ &v) [2]
21 -11] y+dy—y =@+ du)v+ &v) —uv
Oy =udv+vdu+ dudv
Sy o ou oo

=U—+0—+ Su—

% Tk oiwm My

oy dy dv dv ov dv

A8 B0 ox _)dx' Sx _)dx o ox dx’

And as 8x — 0 du and 8v both tend towards zero.

dy dv du

L=y —

v— | Remember this important result.
dx "dx  dx P




Example 1
dy,
Find —=:
d dx

a y=2x(x+ 20 b y=(x+32Q2x+1) ¢ y=Qx+1?V4x -3

a Wehavey = uv, whereu = x and v = (x + 2)?

du dov
—_— 1 — =
e and P 2(x + 2)]

=xX20x+2)"+ (x+272X]1
=(x+22x+x+2)
= (x + 2)(3x + 2)
= (x +3P2x + 1)
We have y = uv, where u = (x + 3)and v = (2x + 17
dy dv du
dx “E UE;
— (x + 32X 3(2x + 12X 2+ (2x + 1 X 2(x + 3)'
= (x + 3)(2x + 1)*[6(x + 3) + (2x + 1) X 2]
= (x + 3)(2x + 1)%(10x + 20)
=10(x + 3)(2x + D)*(x + 2)
cy= @x +1)? Vax -3
We have y = uv, where u = (2x + 1)?and v = (4x — 3):

d
d" - 2x + 12 X (4x — 3y} x4+ (4x — 3)t X 22x + D' X2

((j;j;; [2(2x + 1) + (4x — 3) X 4]
2x +1

b e [20x — 10]
10(2x 4 1)(2r -1)

\4x—3

EXERCISE 2

Differentiate the following with respect to x and simplify your answers.
1 y=x(2x +1) 2 y=223x— 17
3 y=x(x—17 4 y=(x+2x+3)
5 y=2x(1—x)P 6 y=x®+1x—17

7 y="5x(1+2x)* 8 y=0Bx+1'x—3)
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10

11

12

13

14

15

16

17

18

19

y=(x+ 2)x;

y=(4x + 1)2Vx

y=x\V2x+1

y=xVax—-1

Find the equation of the tangent to the curve y = 6xVx + 8 at the point (1, 18).

Find the gradient of the curve y = x3(x + 1)? at the point (1, 4).

Find the x coordinates of the two points where the gradient of the curve
y = Vx(x — 2)%is zero.

a Find the x coordinates of the turning points of the curve y = (x + 3)2(x — 1).
b Determine the nature of each turning point.

a For the curve y = (x + 2)(x — 4)?, find
i the points where it meets the axes,
ii the turning points.

b Sketch the curve.

The curve y = x*(x — 3) has a minimum value at the point A.
)'T
1 ¥y =x(x = 3)
- A
X
...... .y /R (RN, NI 5 SR S——"
A

a Find the coordinates of A.

b The tangent to the curve at A meets the curve again at B.
Find the coordinates of B.

T— d
i Given thaty = (x + 1)V2x — 1, show that a—y— can be written in the form
X

X
- and state the value of k.
V2x —1
ii Hence evaluate

f v’zxx— T




d? -1+4+2
Whenx =1, ayz' R 1 which is greater than zero.

This tells us that there is a minimum value at (1, 1).

Here is a sketch of the curve.

.\w‘

(Ln

-
3 X
Notice that as x =3, y = ®.
EXERCISE 3
dy
Find ==
ind o
2x x+7 x2
1 = — 2 — — = -
Y= ¥ ¥ =1 3 Y=+l
4x +5 (x+ 1) 2x + 1
4 B —— = —_— - —
Y=+ SY=Tg S Y= G+1p
(3x + 2)? x? (3x — 4)
7 y=- - §ysm—— N
Y= ax+1y Y= -3 SY=xr1p
Vx+1 X 3x + 1
1O 4 em—— 1 = —_ = —
¥= 7% 1Y= Tax+9 12 y= V-1
2
13 Find the equation of the tangent to the curve y = x %)3 at the point (1, D).

x+1
14 Find the equation of the tangent to the curve y = .21—: 1 at the point (0, =1).

x+4 ;
15 Find the equation of the normal to the curve y = 57 at the point (0, 4).

2x .
16 Find the x coordinate of the point on the curve y = === where the gradient
is zero.

1—-x i .
17 Find the coordinates of the turning points ofy = 253 Determine their nature.
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Xt
18 Show that the gradient of the curve y = VTt is positive for all values of x

X1
except x = 0.
. T I dy  x(3x+4)
19 Show thatif y = T then P A e

4.4 Differentiating e*

In Part 3 of this book we stated that when we differentiate the function e* we
obtain e. It is not necessary at this level to understand a proof of this result but we
indicate below how we can ‘justify” the result by a numerical method.

d

dx(ex) e yT
(f(x + h) —f(x))

At this stage remember:

For a function, f(x), f (x) = lim 5

k=0

+ h, f(x + }
So if f(x) = a* we see that [x + h, f(x + h))

X+h . % X Al e %
f'(x)=}limo(a—h a>=lim(a = a_)

h=0

= o lim( 21
=a hlgr}) h .

We require the value of a such that f'(a*) = ¢*.
- 1
We need lim (f; ) =1,

\

-V

k=0\ h
2000! —
Trya=2,h=0.001: —=0.693.50a =2is 11.
ry a 0.001 0.693. So a = 2 is too sma
- 30001 _ 1
=3, h = 0.001: —— = 1,099, =3 i X
ry a 0 0.001 1.099. So a = 3 is too large
Z730amn-o : .
Trya =271, h = 0.001: 000l = ().997. So a = 2.71 is too small.
2.720001 _ 1
Trya=272,h=0.001: = ol 1.001. So a = 2.72 is too large.

When this process is continued we obtain the number 2.718 281 828 correct to
9 decimal places. Note that this is an approximate value for e. The number e is in

. . 3 : . . a
fact an irrational number which means that it cannot be written in the form b

where a and b are integers.

A frequently asked question is ‘What is e?’ d
Answer: e is just a number which has the unique property that a;(e") = e*,

Example 1
Find the gradient of the curve y = e* at the point (2, €?).
y=e

dx ¢




Here is a sketch of the curve.

y = xe*
- >
| EXERCISE 4
1 Find e for each of the following,.
ay=e by=e* c y=2¢
dy:c*“' ey=ezz+1 fy-‘ -X
gy:Se‘u hy_—ex.*.e?;r i y—_-x2._e'x
1 4
1 = — = — = 'S
i Y= ky== 1 y=e +2
2 Differentiate with respect to x.
a xe b x2e* ¢ 2xe¥
d (2 +1)e* e 4x’e™ f x%(e* — x)
e e+ 1 .
&7y " x e
e)x
j e(1+x)? k e *(x*+1) 1 -—
1—e*

3 Find the gradient of each curve at the given point.
ay=xe atx=2
by=xe"? at(2,2)
c y—‘c"+x2 at(0,1)

e +1
dy;el‘—l

atx=1.
4 Find the equation of the tangent to the curve y = e* at the point where x = 2.
5 Find the equation of the tangent to the curve y = x e at the point (0, 0).

6 a Sketch the curvesy =e*andy ="~ 7%
b Find the equation of the normal to the curve y = e* ~ 2 at the point where the
curve meets the y-axis.
¢ Find the coordinates of the point where the normal meets the x-axis.

7 Find the coordinates of the turning point on the curvey = x€* and show
whether it is a maximum or minimum point.
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X
8 Find the coordinates and nature of any turning points on the curve y = <,
X

9 a Find the stationary point of the curve y = e* + e™.
b Show that this is a local minimum.

10 a Find the coordinates and nature of any turning points on the curve y = x*e*,
b Sketch the curve.

; 1 dy 1
11 Given that y = e* + —, show that y—= = ¥ — —.
y pr ow that y = o =

2
12 Given that y = e* — e ¥, show that (%) =y +4.
2

13 Show that if y = e** + e * then ;%yi = 4y.

14 Giventhaty=A+B e™#, where A and B are constants, show that

dy . dy
2 +4-2=0.
dx? * dx (
15 Given that y = e*(A + Bt), where A and B are constants, show that
d_zy 4gy— +4y =0
dx? dx y="5

16 Find the coordinates of the turning point on the curve y = 2¢* + 8e~*, and
determine the nature of this turning point.

4.5 Differentiating In x

d d
To find ax(ln x) we use the result d_z = (dx—)
dy
This result is justified below.

Nowif y=Inx, [RememberInx = log.x]
then x = ¥ [1]

TEEXLEEEE R RN

. Differentiate with respect to y.

E —dx— = ey

: dy

: dy 1 _ 1

: dx (i ) e¥

o Yy

. d—l = ~1 [from [1])

. dx «x

+ Soify=Inx, dy = 1 Remember this result.
dx x
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Notice that in each case we have y = In[f(x)]
ay 1 s
and % 16 X £'(x).
This is a quick way of differentiating In[f(x)].

Example 3

Find d_y in each case.
dx

ay=@@+1In2x
We have y = uv, where u = x2 + 1 and v = In 2x.
dv 1 1

Differentiating, j_u = 2x, = = T X2==
X X

= (x2 + 1)%+(ln2x)2x

21
=X b oxIn2x

b y=e*Inx?

We have y = uv, where u = e*and v = In x%

d d 1 2
Differentiating, d—z = g¥, d—: = s X 2x = =
dy o du
dxr “dx dx

2
=e*— + (Inx?) e*
x

2e*
=—+e*Inx?
x

EXERCISE 5

dy
dx
a y=Indx by=Inx c y=6Inx
dy=InBx—1) e y=In(1-2x) f y=1In(x®+x)
X1

g y=In 5 h y=In4x? i y=3In(x+2)

j ytln% k y=InVx 1 y=In(®+x-2)

1 Find —= for each of the following.

?c+4
x—2

. d x+4
b Hence find dx[ln(x - 2)]

a Write ln(

) as the difference of 2 logarithms.




3

4

10

11

12

13

Differentiate with respect to x.

3x 2x+3
:1 —
ay n(x+1) by ln(4x 1)

oo
Find Lk for each of the following.
dx

ay=xlnx b y=xInx ¢ y=xIn(1+x)
Inx Inx x
d = = = — — I —
Y= €V = x+1y £y In x
1
g y=x*+Inx hy=3Inx+— i y=InVx+Vx
g =eae BRI gt (l+x2) I _.l(x%‘l)
jy x y=x*In(1+x y=In{"">
., dy d%y
Ify=x1 — —
y = x*Inx, find P and ey
; dy
Given that y = In(In x), show thatxlnxax=l,
2
Given that ¥ = In(1 + e%), find%and show that (1+e’)iy=ﬂ

dx? dx’

a Sketch the curves y = Inx and y = In(x + 1).

b Find the equation of the tangent to the curve y = In(x + 1) at the point
(2, In3).

Find the equation of the normal to the curve y = In(1 + x?) at the point where
x=1.

a Find the equation of the tangent to the curve y = In(x — 1) at the point where
the curve meets the x-axis.

b The tangent above meets the x and y axes at the points A and B respectively.
Find the area of triangle OAB where O is the origin.

In
The diagram shows the curve y = —x—x 3 2

The curve crosses the x-axis at Aand B is
the maximum point on the curve.
Find the coordinates of A and B.

Find the coordinates of the point on the
curve y = x In x where the gradient is zero.

Find the x-coordinate of the point on the curve y = x In 2x where the gradient
is zero.
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| EXERCISE 6

1 Differentiate the following with respect to x.

a sinx b cos3x c 4tanx
d sin6x e cosix f 5sin2x
g tanjx h 10cosx + sinx i tanx—cosx
j sin(x +1) k tan(2x—1) 1 —cos3x
. dy .
2 Find d—z in the following.
a y = (sinx)? b y = 3(cos x)? ¢ y=sin’x
d y=2cos’x e y=Vcosx f y=cos?4x
g y = tan® % h y=x+Vsinx i y=(sin2x)§

3 Differentiate the following with respect to x.

a xsinx b xcos2x ¢ x’sinx
: cos X sin 2x
d sinxcosx e — f ——
X x2
x x° . COSX
— h e
sin x COS X sin x

m T
Given cos x = sin(z = x), differentiate sin(—z— =

=

d
x) to show that Ex—(cos x) = —sinx.

4

dx(tan x) = sec’ x.

w

: : sin x
Differentiate —— to show that
COS X

6 Find the gradient of each curve at the point given.
a y=3sin2x at(g,O). b y=4sinx —cosx at (0, —1).
Y (R » (z z)
¢ y = (cos2x) at(8,4). d y=xtanx at T

~

d2
Given that y = cos 2x, show that Ex—yz = —4y.

42
8 Given that y = sin x + cos x, show that 4q g +y=0.

. m
9 Find the equation of the tangent to the curve y = tan x at the point (— g ]).

10 Differentiate with respect to x.
a sin 7x b tan2mx ¢ cos(x — m)

d cos %x e sinx? f tanx®

- . x - - 2 2
g sin(2x — m) h sin— i sin“x
w
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11

12

13

14

15

16

17

18

19

20

21

22

Consider the curve y = sinx*for 0 < x < 7.
Find the x coordinates of the two points on the curve where the gradient is
zero.

Show that the equation of the tangent to the curve y = sin x at the point (7, 0)
isy+x=m

Find the equation of the normal to the curve y = x — cos x at the point where

x=T
>
7 d 2V2—-3
thct,( AT R in? + 3 = .
Show that, at x 1 dx(sm x + cos’ x) N

Find the maximum value of y = x + sin2x for 0 <x < g

Find the minimum value of y = tan x — 8 sin x which is given by a value of x
between 0 and g

- ™ . : . : :
Show that for 0 <x < rY f(x) = x sin x + cos x is an increasing function.

1+ cotx d 2
a Ify=1— " showthat L =—*—.
b Find the gradient of the curve at x = %
The tangent to the curve y = cos 2x at the y4
point where x = —% meets the y-axis at v /
the point Y.
Find the distance OY where O is the origin. \v = cos 2x

3

Zi

Given f(6) = 4 cos 0 — sin? §, find f’(g).

Find the coordinates of the stationary points on the curve y = sin x + cos x for
0=sx<2m
Determine the nature of each point.

dy
= a1 2 £ —
a If y = sin x(cos x)? find A

d A
b Find the three values of x between 0 and 7 radians at which ﬁ = (). Give

your answers as decimals correct to 2 decimal places.
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23 a Find the equation of the tangent to the curve y = sin x at the point where

_dm
-

b Find the coordinates of the point where this tangent meets the y-axis.

X

24 a Find the gradient of the curve y = sin 7rx at the point where x = 1.

b Find the equation of the normal to the curve y = sin 7x at the point where

x=1.

Derivatives of cosec x, cot x and secx
The derivatives of cosec x, cot x and sec x can be found as follows.

1 . 1
a y=cosecx=——"=(sinx)"’ b y=secx=——=/(cosx)™!
sinx Cos x
dy Yy
—~ = —(sinx)"2cos x —L = —(cos x) " ¥—sinx
dx dx A )
COS X a1 ><sinx
sin? x cos’x COSX COSX
_ 1 ” Ccos X =secx tanx
sinx sinx
= —cosec x cotx
¢ y = cotx = (tan 21 In summary:
d d
Ao . —(tan x)~?sec® x — (cosec x) = —cosecx cotx
dx dx
cos? x 1 d
= X — ——(secx) =secx tanx
sinffx cos*x dx
R UL d
cosec”x —(cot x) = —cosec*x

dx

Some people learn these results, while others, including the authors of this book,

can never remember them and work them out each time!

EXERCISE 7
1 Differentiate with respect to x.
a cosecx b cotx ¢ sec2x d cot3x
e cosec4x f 2cotx g sec(2x + 1) h x* 4 sinx + secx
d
2 Find =
dx
a y = (cotx)? b y = (secx)* ¢ y=tanxsecx
d sec?3x e xsecx f x*cot2x
o 2
g = K — i (1+secx)’
x cotx

3 Sl th'tg( tanx ) 2
Lol dx\1 +secx 1+ cosx




2
4 Given thaty = cotx, show that 3;% =2(1 + y?y.

_— dy 1
If y = Vse + t 5 that—=— A
5 y sec x + tan x, show adx 2ysecx
2+
6 Work out [ ™ dx.
sin? x

4.7 Further questions on differentiation

Here is a summary of the results used in this section.

. dy dy  du :

© — X ST

o dx du dx (chain rule)

. du dv_
E E—(uv) ug?-+vd—u g E)z dx dx
E dx dx dx dx\v ?

. d oo - [P |

:. dx(e )=¢€ dx(ln x) = >

. d, . B o g d
dx(sm x) = COS X dx(cos x) = —sinXx dx(tan x) = sec? x
: dy _ 1

. dx dx

: dy

In this section you will do questions where more than one of these results may be
*  required.

Example 1

a y=e'sinx’

d
QY _ ex(cos x)2x + sinx*e*  (product rule)

= e*(2x cos x + sin x?)
b y=eXIn(l + x)

ﬂy_ A : S + In(1 + x) X 2e¥ (product rule)

dx (1+x)
1
= eh{— ——+2In(1 + X)}
1+x
sin 4x
¢ e
CX
dy _ XX 4cosdx ! sindx X & (quotient rule)
dx (ex)? q
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dy 1 1 dy 1 _
I‘rom[Z]dx—%—l—y dx_ge
dy y
| EXERCISE 8
1 Differentiate the following:
alnx b In(2x) ¢ 2In(3x)
d x + In(2x) e 5e* + In(3x) f 2¢+5Inx

10

92

a Find the exact coordinates of the stationary point of the curve y =Inx — 3x + 1.
b Show that this is a local maximum.

a Find the exact coordinates of the stationary point of the curve y = In(4x) — x — 2.
b Show that this is a local maximum.

a Show that the curve y = In(2x) + x? passes through (, ).

b Find the equation of the normal to y = In(2x) + 2%, at G b.

Find the equation of the tangent to the curve y = Inx + x* + 3x at the point (1, 4).

Find % in the following:
a y = 5e b y=7¢ c y=5e"
dy=In(x+1) cy=:; f y=(*+1)?
5e% + 2e* e+ 1
=2e*+1In3 h y=— i
x 1 . dy
If y = (e? + 1)(e? — 1) then find P
x
Differentiate the following:
a y=In(x?) b y = In(2x ¢ y=In(Vx)
1 — 1
d —— — = f =
Y ln(x) e y=In(V9x) fy ln(—;\/?)
d
Find ~dz in the following.
ay=(x+1) by=Qx+1) c y=(@3x~5)8
. 1
d y=53x-7)> - + 3)-3 =
y = 5(3x )' ey (14x 3) fy 5x — 2)8
g y=(4x+11)2 h y=V(15x - 17) i y=(ax+b"

Show that the equation of the tangent to the curve y = 2e* at the point where
x=}isy = Ve(2x + 1).




11

12

13

14

15

16

17

18

Find the turning point of the curve y = x? — 2In x, where x > 0, and show that
this is a local minimum.
Find the turning point of the curve y = x — e* and show that this is a local
maximum.
d
Find Eg in the following.
a y=xlnx b y=1x%¢" ¢ y=sinxcosx
d y=Vxe e y=e'tanx f y=xcotx
g y =e*cosecx h y=x3secx i y=xcosx
dy .
If y = x"e* then show that T x"~1e¥(x + n).
oo O g s . .
Find 3 the following, simplifying and factorising where possible:
» Inx b e P sec x
= — v =— =
5% ¥=2 Y
sin x oS X x?
dy= = f y=—
Y~ cosx & sin X S
N e h X3 . cot x
8V~ Vi Y™ cosx Y=
_ 2x+3 dy 2x-3
alfy= e then show that T D
b Show that the turning point is at G, 2V6).
The gradient of the curve y = e*(ax? + bx + ¢) is zeroat x = 1 and at x = —2. The

curve passes through the point (0, —1). Find the values of 4, b and c.

Find »:Z in the following.
a y=sin2x b y=e* ¢ y=eint
d y = cos(x?) e y=eF f y= cosec(?)x 3 ;—7)
g y = cot(3x) h y=In(x*+3) i y=In(sin2x)
j y=In(cosx) ky=e" 1 y=In(secx)
my=(x*+1)° n y=sin®x o y = tan’(2x)

dy

19 If x = cosy, find —*. Give your answer in terms of x.

dx

d
20 If x = sin2y, find dz in terms of x.
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d
21 Find _y_’ in terms of x.
dx

a x=tany b x = tan 3y

dx=e™Y e x=Inb5y

g X =sin (Zy g—)

S . ,dy . dy 1
22 a Considerx =% y=0. —= using === —.
a Consider x =% y = 0. Find 9 using =~ dx
dy
- .27
b Write y = Vx and find Ey; Confirm that your result is the same as that

obtained in part a.

. dy
Express 3

s in terms of f(x) and f'(x):

a y=fx)" by=e®@ ¢ y = sin (f(x))

a Iflog,x = p, log.a = g and log, x = r then write down three equations
involving p, g and r without logarithms.

b Hence show that p = é

¢ Hence express log, x in terms of In x and Ina and so show that if y = log, x

: dy 1
where a is a constant then & —
dx xlna

REVIEW EXERCISE 4

Differentiate the following with respect to x.

ay=0Gx—-1* b y=53x — 47 c y=4x+3)7?
1

E S S = (3x + 1}
dy Gx—1p ey 2 - 320 f y=0@Bx+1)?

Differentiate the following with respect to x.
ay=@x*+3)¢ by=Q2-x% c y=@2+1p

1\-3
dy=@G2+x)° ey-—‘<1 fl)B fy—-(x2+—)
X X
Differentiate with respect to x, simplify your results.

a y=x(x+1)° b y=(x+12x—-3)}¢
¢ y=&x+1)Px~-1)7 d y=x(3x—2)




10

11

Sketch the curve y = (x — 1)%(x + 1), showing the coordinates of
a the points where it meets the axes

b the turning points.

Find the coordinates of the turning points of the curve y = (x — 2)(x + 3)%
Determine the nature of each turning point.

Differentiate with respect to x.

x? Vx+1 x+2
a b — C
x+1 X x+1
de3" 3—2x fsinx
S @ : L
x? x2 X

Show that the curve y = - 1

5 has a positive gradient for all values of x
1+ x4

except at x = 0.

Differentiate the following with respect to x.
ay=e b y=-3¢ ¢ y=73"
d y=2x>—4e e y=3(e*—xi) f y=3x—3e)

Differentiate the following with respect to x.

ay=Inx by=4Inx c y=In2x

X
d y=Inx? e y=Inxi f y=ln(5)

=In l
gY (r)

Find the gradient of the following curves at the given points.

ay=e—x : x=2
b y=23e"—2 : x=0
cy=ln2x—\/3—c : x=4
dy=x-3lnx : x=2

Find the equation of the tangent to the following curves at the given point.

ay=e ; x=0
by=Inx - =1
cy=l-¢ s x=2
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12 Find the equation of the normal to the following curves at the given point.
ay=e* : x=1

b y=Inx? : x=3

13 Find the coordinates of the stationary point of the following curves and show
whether it is a maximum or a minimum.

a y=et—x
by=e+e™

c y=—x+Inx

d y=2x*~-Inx

e y=Inx—8x+1

In x .
14 The curvey = == cuts the x-axis at A and 4

has a maximum point at B.
Find the coordinates of A and B.

16 Differentiate the following with respect to x.
a sinx+3 b 2cosx ¢ sinx + cosx

d 2sinx —3cosx e tanx+x2+4 f 3sinx —tanx

17 Find the gradient of the following curves at the given point.

a sin x e
= Sl X = —
y 3
b CcOS X 2
= C0S Xx=—

Y 2

y T

C Yy=cosx+sinx xzz
w

d =) 4 2 T
y X COS X X 6
T

=3 - cos?2 —
ey CcOs 2x X 1

m
18 Find the equation of the tangent to the curve y = x — cos x where x = 7

m
19 Find the equation of the normal to the curve y = 2 sin x + cos x where x = >
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20 Differentiate the following with respect to x.

a y=sin3x b y = cos4x

d y =sin’x e y=tan*x
gyz\gi.ni h y = sin?3x

21 Differentiate the following with respect to x.
ay=e* by=e™*
1
d - — @sinx
. S ey=e

gy=In(x*-2) hy=In(+2x-1)

. 1

22 Show that if y = (e* + e™)* then % =2(e* — ™).

23 Given thaty = e*In (1 + sinx), find g—% in terms of x.

24 Differentiate with respect to x.

ay=xe b y=xlnx

d y=xsinx e y=x>cosx

25

a Show that the volume V of the cone is given
by V= } 7 €3 sin? 6 cos 0

b Given that € is constant and that 0 varies, find the

maximum value of V in terms of £ and 7.

-t o

y = tan 5x

m
= gin(2x + —
y sm( 4)
y = cos® 2x
y=e"
y=In(2>+1)
-1 ]
¥ n(x--])
y-;e\’"x

y=e"lnx

y=e'tanx

The diagram shows a right circular cone of slant height £. -

26 Find the coordinates of the points on the curve y = sin x cos® x where the

gradient is zero. Work in the range 0 < x < .

27 Differentiate the following with respect to x.

ay= sin? x cos X b y=In(2x +5)

¢ y = sin2x cos 3x

2 f y=sinx’
= (Inx) ‘
4] ¢
(}‘y- g™ cotXx
’ F‘nd J = coseC p
" cX b y=¢ “
- i w2 X - -,
| ax at the point where 5 .
_eqyvey = s
, gradient of the ¢
29 Find the g¥




30 Find the coordinates of the stationary point on the curve ¥ =2x — In(x*) and
determine the nature of this stationary point.

- dy 1 d
31 Use—Z = 4 o find Exy in terms of x for the following.

dx dx
dy
a x=siny b x=e¥ ¢ x=Iny d x=In2y
32 Giventhatx=3’In2y, y>0
a Find d
dy P
b Use your answer to part (a) to find, in terms of e, the value of d—: aty=e.

x

e’
33 Given thaty = 23 find the x coordinates of the two points on the curve

where the gradient is zero.

: EXAMINATION EXERCISE 4

1 Differentiate with respect to x
i B—2xpP,
ii In(4x+7). [OCR]

2 Find dy for each of the following cases

dx
a y=eXsin3x,
b y=(2x*+ 1) [AQA]

3 Find the equation of the tangent to the curve y = (3x — 4)° at the
point for which x = 2, giving your answer in the form y = mx + c. [OCR]

4 a Differentiate V1 + x2

_{
b Differentiate -~ [MEI]

5 a Differentiate:
i 2x%:
ii In(x+1);

b Hence show that F(x‘§ - ot -) dx =2 +In3. [AQA]

1 x+1
6 The equation of a curve is y =xe %,

Find the coordinates of the turning point on the curve. [OCR]
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7 Fig. 1 shows the graph of y = xV1 + x. The point P on the curve is on the
x-axis.

Fig. 1

-

PMU
i  Write down the coordinates of P.

d
Sl it s e
dx 2V1+x

iii Hence find the coordinates of the turning point on the curve.
What can you say about the gradient of the curve at P? [MEI]

8 The curve C has equation y = 2e* + 3x* + 2. The point A with
coordinates (0, 4) lies on C. Find the equation of the tangent to
CatA. [EDEXCEL]

9 Use the derivatives of sin x and cos x to prove that the derivative of
tan x is sec? x. [AQA]

2+x
10 Find the equation of the tangent to the curve y = ~ = at the point on
the curve where x = 0. o [AQA]

v
11 : T Not to scale

Fig. 2 shows a sketch of the graph of y = (x> — 3)e™. The graph crosses the
x-axis at points A and D and the y-axis at C. Points B and E are stationary

points on the curve.

i Find the coordinates of the points A, CandD.
d

ii Show that E% = (2 —2x—3)e*

iii Deduce that the x-coordinates of the points Band Eare —1and 3
respectively, and find the corresponding y-coordinates. [MEI]
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1
12 The function f is defined for all x > 0 by f(x) = 4Inx — T
a Find the derivative f'(x).
b Explain why f is an increasing function.

¢ State, giving a reason, whether f~' exists. [AQA]

13 Fig. 1 shows part of the graph with equation y = xV9 — 2x% It crosses the
x-axis at (a, 0).

y

0l (a, 0) %

i Find the value of a, giving your answer as a multiple of V2.

is y _— . —2x
ii Show that the result of differentiating V9 — 2x* is Vo =52

Hence show that if y = xV9 — 2x? then

dy _ 9-4x*

dx V9-—2¢2

iii Find the x-coordinate of the maximum point on the graph of y = xV9 — 222,
Write down the gradient of the curve at the origin. What can you say
about the gradient at the point (a, 0)? [MET]

14 A curve has equation y = (x? + 5x + 4) cos 3x.

dy
Find —=.
a Find -~
b Find the equation of the tangent to the curve at the point where x = 0.
[AQA]
15 A curve has equation
2
y= —,5—, 0<x<m
sin x
dy
Find —=.
a Find =+
b The point P on the curve has coordinates (g, 77).
i Show that the equation of the tangent to the curve at Pis y = 2x.
ii Find the equation of the normal to the curve at P, giving your
answer in the form y = mx + c. [AQA]
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16

17

18

It is given that
y=Inx—-2x*+3, x>0

L
Find —=.
a Find 2%

b Verify that y has a stationary value when x = 3.

Zy

y d
¢ Find the value of 7 when x = 3
dx :

d Hence determine whether this stationary value is a maximum or a
minimum. [AQA]

A curve has equation

y=x*—3x+Inx+2, x>0.

dy
ai Find—=
ind 5=
ii Hence show that the gradient of the curve at the point where
x=2is3.

b i Show that the x-coordinates of the stationary points of the curve satisfy
the equation

2x*=3x+1=0
ii Hence find the x-coordinates of each of the stationary points.
d’y
iii Find —.
A

d%y

1 .
iv Find the value of B2 at each of the stationary points.

v Hence show that the y-coordinate of the maximum point is

3~ In2. [AQA]

A curve has equation
y=x*=Inx, x>0

The curve has one stationary point P.
1
a Show that the x-coordinate of P is \5.

b Give the y-coordinate of P in the form a + b1n 2, where a and b are
rational numbers.

d2
¢ Find the value of ag at P.

d State, giving a reason, whether Pis a maximum or a minimum point
on the curve.

[AQA]
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19 The function f is defined for x = 0 by
3
f(x) =e 2x ; +3

a i Differentiate f(x) with respect to x to find f'(x).
ii Hence prove thatfisa decreasing function.
b Find the range of f. [AQA]

20 A curve has equationy = e¥ — 24x.

a Show that the curve cuts the x-axis at the point where X = &, with
1< a<In3.
4z
b Determine oy and _}/ as functions of x.
dx dx?
¢ The curve hasa single turning point, P. Find the y-coordinate of P in an
exact form, and show that its y—coordinate is 8(1 —3In2). Find the value of
a2
a;yz- at P and hence deduce the nature of the turning point.

21

Figure 1 shows a sketch of the curve with equation y = f(x), where
f(x) =10 + In(3x) —3¢%, ~ 0.1=X= 3.3.

Given that f(k) =0,

a Show, by calculation, that 3.1 < k<3.2.

b Find f'(x).

The tangent to the graph atx =1 intersects the y-axis at the point P.
¢ i Find an equation of this tangent.

ii Find the exact y-coordinate of P, giving your answer in the
forma + Inb. [EDEXCEL]




